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SEMICHARACTERS OF GROUPS
GIL ALON
Abstract. We define the notion of a semicharacter of a group G: A function from
the group to C∗, whose restriction to any abelian subgroup is a homomorphism. We
conjecture that for any finite group, the order of the group of semicharacters is divisible
by the order of the group. We prove that the conjecture holds for some important families
of groups, including the Symmetric groups and the groups GL(2, q).
1. Introduction
If G is a finite abelian group, the dual group Ĝ = hom(G,C∗) is isomorphic to G. For a
general finite group G, hom(G,C∗) may not provide much information about the group:
For example, when G is simple and nonabelian, hom(G,C∗) = {1}. In this paper we look
not only at homomorphisms from G to C∗, but at a wider class of maps: Let us call
a function f : G → C∗ a linear semicharacter (or, more briefly, a semicharacter) if it
satisfies f(ab) = f(a)f(b) for all pairs a, b ∈ G of commuting elements. In other words, a
semicharacter on G is a function whose restriction to any abelian subgroup is a character.
The set of semicharacters of G, with the operation of pointwise multiplication, is an abelian
group. Let us denote this group by Ĝ, as this notation is consistent with the case where
G is abelian.
It is easy to see (lemma 2.3) that Ĝ is always finite. The first question that one may ask
is whether Ĝ is always nontrivial whenever G is. This is true (see Theorem 3.2), and the
proof that we have uses the fact that any simple group has a cyclic Sylow subgroup. This
fact depends on the classification of finite simple groups.
More generally, we will be interested in the relation between the order of Ĝ and the order
of G. We have investigated this relationship for several central families of groups, listed
below, and also for all groups of order ≤ 255 using a computer (see section 7). In all these
cases, we have noticed a remarkable phenomenon: The order of Ĝ is divisible by the order
of G. This leads us to following conjecture:
2000 Mathematics Subject Classification. 20D99.
1
SEMICHARACTERS OF GROUPS 2
Conjecture 1.1. For any finite group G, |Ĝ| is divisible by |G|.
The conjecture obviously holds for abelian groups, in which case Ĝ ∼= G. We will prove
that the conjecture holds for the following families of groups:
• The Symmetric groups (Theorem 4.2).
• The Alternating groups (Theorem 4.5).
• The Linear groups GL(2, q) (Theorem 6.9).
• The Unitriangular groups U(n, q) when q = pe and p > n (Theorem 5.3).
We will prove all these statements by constructing semicharacters explicitly. The techniques
for construction depend heavily on the structure of the given group, and some of them seem
to be of independent interest.
As an example, let us look at the Heisenberg group over a finite field F. Consider the three
functions from the group to the additive group F+, defined by
f1


1 a b
0 1 c
0 0 1

 = a; f2


1 a b
0 1 c
0 0 1

 = c; f3


1 a b
0 1 c
0 0 1

 = ac− 2b
f1 and f2 are group homomorphisms. f3 is not a homomorphism, but it satisfies f(AB) =
f(A) + f(B) whenever A and B commute, as can be verified directly. By taking linear
combinations of these 3 functions, and composing them with a homomorphism from F+ to
C∗, we get enough semicharacters on the group.
In the proof of Theorem 5.3, we will generalize this construction to upper triangular unipo-
tent matrices via a discrete version of the log function.
For groups G that are not p-groups, we consider the l-part of Ĝ separately for each prime
divisor l of |G|, and prove a localization principle: the l-part of Ĝ depends only on the
l-Sylow subgroups of G and their intersection pattern (see lemma 2.6). For the symmetric
group, we will construct semicharacters using the cycle decomposition of permutations.
Basically, one is free to define the value of a semicharacter in the l-torsion part of Ŝn
on cycles of maximal l-power size. For the linear groups GL(2, pt), we will use various
techniques to construct semicharacters, depending on pt and l. At l = p our construction
is similar to the case of the unitriangular groups.
Although we currently do not have an application to the concept of the semicharacter
group, we find this construction interesting in its own right. Such a simple definition brings
about what seems to be a natural and nontrivial conjecture, and the techniques for proving
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the conjecture for various families of groups are quite diverse. Aside from conjecture 1.1,
other interesting questions are whether some information about Ĝ can be inferred from
the groups Ĝi, if G1, .., Gk are the composition factors of G; whether conjecture 1.1 can be
proved for all simple groups; and whether theorem 3.2 can be proved independently of the
classification of finite simple groups.
2. Some notation and lemmas
All the groups in this paper are assumed to be finite. We repeat the definitions in the
introduction:
Definition 2.1. (1) A linear semicharacter on a group G is a function f : G → C∗
satisfying f(ab) = f(a)f(b) for all pairs a, b ∈ G of commuting elements.
(2) The group of linear semicharacters of G is denoted by Ĝ.
Remark 2.2. For the sake of brevity, we will use the term semicharacters for linear semichar-
acters. We must, however, caution the reader that the term semicharacters has other
meanings in the contexts of Lie groups and semigroups.
We obtain a contravariant functor ̂ from groups to abelian groups, sending a group G to
Ĝ, and a group homomorphism φ : G → H to the homomorphism φ̂ : Ĥ → Ĝ defined by
φ̂(f) = f ◦ φ.
Lemma 2.3. For any G, Ĝ is a finite abelian group, and its order divides
∏
g∈G ord(g).
Proof. If f ∈ Ĝ then for every g ∈ G, f(g)ord(g) = f(gord(g)) = 1. Hence, Ĝ embeds in
the group of functions f : G → C∗ satisfying f(g)ord(g) = 1 for all g ∈ G. Since the latter
group is finite of order
∏
g∈G ord(g), the result follows immediately. 
Definition 2.4. For any group G, and any prime number l, we denote by G[l∞] the set
of elements whose order is a power of l, and by G[l] the set {g ∈ G|gl = id}.
If G is abelian, then G[l∞] and G[l] are subgroups of G. We have
Ĝ =
∏
l
Ĝ[l∞]
And each Ĝ[l∞] is of l-power size. We will now see that Ĝ[l∞] depends only on the elements
of G[l∞] and their multiplication table. Let us first introduce a convenient notation:
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Definition 2.5. For any nonempty subset A ⊆ G, we denote by Â the group of maps
f : A→ C∗ such that f(xy) = f(x)f(y) whenever x, y are commuting elements in A.
Note that a function f : G[l∞] → C∗ is in Ĝ[l∞] if and only if for any l-Sylow subgroup
L ≤ G, f |L ∈ L̂.
Lemma 2.6. The restriction map from Ĝ[l∞] to Ĝ[l∞] is an isomorphism.
Proof. We have to prove that each function in Ĝ[l∞] has a unique extension to G which
is in Ĝ[l∞]. Let |G| = nla with l ∤ n, and let b ∈ Z be such that bn ≡ 1(mod la). Then
f˜(g) = f(gn)b is the required extension of f . The extension is unique because any f ∈ Ĝ[l∞]
satisfies f(g) = f(gn)b. 
Lemma 2.6 will be our main tool for constructing semicharacters on groups.
Remark 2.7. It follows from lemma 2.6 that Ĝ[l] ∼= Ĝ[l∞][l]. We will view elements of the
right hand side as functions f : G[l∞] → F+l satisfying f(ab) = f(a) + f(b) if ab = ba. It
follows that if we can find d such functions which are linearly independent over Fl, then
|Ĝ| is divisible by ld.
3. Nontriviality
Lemma 3.1. Let G be a finite group, and l| |G| a prime such that the l-Sylow subgroups
of G are cyclic. Let N be the number of l-Sylow subgroups of G. Then |Ĝ| is divisible by
lN .
Proof. Let L1, . . . , LN be the l-Sylow subgroups of G. For any choice of homomorphisms
φi : Li → F
+
l for 1 ≤ i ≤ N , and any 1 ≤ i < j ≤ N , φi and φj are both trivial on Li ∩ Lj
(since Li ∩ Lj does not contain generators of Li or Lj , hence each element Li ∩ Lj is an
l-power of elements of both Li and Lj). Hence the N -tuple (φ1, . . . , φN ) glues to a function
φ : G[l∞] → F+l . If g, h ∈ G[l
∞] commute then they lie in a common l-Sylow subgroup,
hence φ(gh) = φ(g) + φ(h). By lemma 2.6 we get a monomorphism from
∏
i hom(Li,F
+
l )
(which is of size lN ) to Ĝ. 
Theorem 3.2. For any finite group G 6= {1}, Ĝ 6= {1}.
Proof. Since a semicharacter on a quotient of G can be pulled back to G, we may assume
that G is simple. By [3, Theorem 4.9], G has a cyclic Sylow subgroup. The claim now
follows from lemma 3.1. 
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4. The symmetric and alternating groups
For G = Sn, the primes dividing |G| are exactly the primes l ≤ n. Let l be such a prime,
and let e be such that le ≤ n < le+1.
Lemma 4.1. If α, β ∈ Sn[l
∞] commute, and if α1 (resp. β1) is an l
e- cycle in the cycle
decomposition of α (resp. β), then either α1 and β1 are disjoint, or each one is a power of
the other.
Proof. Since βα = β, α acts on the le-cycles of β. Since α is of l-power order, all the
orbits of this action are of l-power size, but l · le > n, hence α fixes each le-cycle of β. In
particular, α1 and β1 commute. The result follows. 
Theorem 4.2. For all n, conjecture 1.1 holds for Sn.
Proof. For any prime l ≤ n, let A be the set of le-cycles of Sn, and define a ∼ b if b is a
power of a. This is an equivalence relation, and we have |A/ ∼ | =
(
n
le
)
(le−1)!
le(1− 1
l
)
. Let
V be the Fl-vector space of functions f : A → F
+
l satisfying f(π
i) = i · f(π) if (i, l) = 1.
Then dim(V ) = |A/ ∼ |. For any f ∈ V , we extend f to a function f˜ : Sn[l
∞] → F+l by
f˜(π) =
∑
c∈c(pi,le) f(c), where c(π, k) is the set of k-cycles in the cycle decomposition of π.
By lemma 4.1, f˜ is in Ŝn[l∞][l], and by lemma 2.6 it extends to an element of Ŝn[l]. Thus,
dimFl Ŝn[l] ≥
(
n
le
)
(le − 1)!
le − le−1
.
It remains to prove that the right hand side is not less than the multiplicity of l in n!.
Indeed, by a theorem due to Legendre,
vall(n!) =
∑
i≥1
⌊
n
li
⌋ <
n
l − 1
.
If n 6= le then dimFl Ŝn[l] ≥ n ≥
n
l−1 > vall(n!).
If n = le and n ≥ 6, then using the inequality (n− 1)! ≥ n2 we get dimFl Ŝn[l] ≥
(n−1)!
n(1− 1
l
)
≥
n
l−1 .
For le = n ≤ 5, (n−1)!
n(1− 1
l
)
≥ vall(n!) holds as well. 
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Remark 4.3. On cycles of smaller l-power order, we are not always free to define the image
of a semicharacter. Consider for example 2-cycles. Any semicharacter takes the values
±1 on any 2-cycle. The identity (12)(34) · (13)(24) = (14)(23) holds in the Klein 4-group
which is commutative. Hence for any semicharacter f of Sn, we have
∏
1≤i<j≤4 f((ij)) = 1.
Moreover, we can replace the indices 1, 2, 3, 4 with t1 < t2 < t3 < t4, and get a linear
relation modulo 2 between f((titj)), 1 ≤ i < j ≤ 4. Thus, the numbers f((ij)) for 1 ≤ i <
j ≤ n satisfy a system of
(n
4
)
equations in
(n
2
)
variables. For n = 7 it can be checked that
the only solutions are f((ij)) ≡ 1 and f((ij)) ≡ −1. Thus, the same holds for any n ≥ 7.
This also shows that a character on an abelian subgroup H of a group G may not always
be extended to a semicharacter of G.
Let us now consider the alternating groups. The embedding An → Sn induces a natural
restriction map R : Ŝn → Ân. Obviously, the sign map sgn : Sn → {±1} is in the kernel of
this map.
Lemma 4.4. (1) kerR ⊆ Ŝn[2]
(2) If n > 1 is not of the form 2kor 2k + 1, then kerR = {1, sgn}.
Proof. (1) If φ ∈ kerR, then for g ∈ Sn, φ(g)
2 = φ(g2) = 1.
(2) By the assumption, n ≥ 6. Let φ ∈ kerR, then for any i 6= j we have φ((ij)) = ±1.
Moreover, for distinct i, j, k, l we have φ((ij))φ((kl)) = φ((ij)(kl)) = 1, hence φ((ij)) =
φ((kl)). From here it is easy to see that φ is constant on all the involutions of the form
(ij). Multiplying if necessary by sgn, we may assume that φ((ij)) = 1 for all i 6= j. For
every r such that 2r ≤ n, and any 2r − cycle c ∈ Sn, we may find, by the assumption on n,
i and j such that (ij) is disjoint from c, hence φ(c(ij)) = 1⇒ φ(c) = 1. Hence, φ is equal
to 1 on Sn[2
∞], and by lemma 2.6, φ = 1. 
Theorem 4.5. Conjecture 1.1 holds for An.
Proof. For a prime l > 2, we have An[l
∞] = Sn[l
∞], hence by lemma 2.6,
|Ân[l
∞]| = |Ân[l∞]| = |Ŝn[l∞]| = |Ŝn[l
∞]|.
By theorem 4.2 we conclude that vall(|Ân|) = vall(|Ŝn|) ≥ vall(|Sn|) = vall(|An|). Thus,
it remains to prove that val2(|Ân|) ≥ val2(|An|). We consider the following cases:
• If n is not of the form 2k or 2k + 1, by lemma 4.4 we have | kerR| = 2, hence
val2(|Ân|) = val2(|Ŝn|)− 1 ≥ val2(|Sn|)− 1 = val2(|An|).
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• If n ≤ 3, An is abelian.
• If n = 4, An[2
∞] is an abelian group of size 4 (the Klein 4-group), hence Ân[2∞]
has 4 elements.
• If n = 5, we take the natural embedding A4 →֒ A5 (where the permutations in the
image fix the number 5). Then, one may extend the elements of Â4[2∞] constructed
above to Â5[2∞] by setting the functions to be 1 outside of Â4[2∞]. This shows
that val2(|Â5|) ≥ 2 = val2(|A5|).
• If n = 2k + ǫ, where ǫ ∈ {0, 1} and k ≥ 3, let m = 2k. We will construct elements
of Ân[2] by a small variation on the proof of Theorem 4.2: Let A be the set of
m/4-cycles in Sn, with the equivalence relation defined by π ∼ π
i for π ∈ A
and odd i, and let V be the F2-vector space of functions f : A → F
+
2 satisfying
f(πi) = i · f(π) for odd i. We have dimF2(V ) = |A/ ∼ |. For any f ∈ V , we extend
f to a function f˜ : An[2
∞] → F+2 by f˜(π) =
∑
c∈c(pi2,m/4) f(c), where c(−,−) is
as in the proof of Theorem 4.2. We claim that f˜ ∈ Ân[2∞][2]. Indeed, let us
assume that π1, π2 ∈ An[2
∞] commute, and let π3 = π1π2. Since πi ∈ An, no πi
is an m-cycle. If no πi contains an m/2-cycle, then no π
2
i contains an m/4-cycle,
hence f˜(πi) = 0 for all i, and f˜(π3) = f˜(π1) + f˜(π2). If π1 contains an m/2-cycle
σ1, then π2 (acting by conjugation) either fixes σ1 or moves it to an additional
m/2-cycle of π1. Hence, π
2
2 fixes σ1. Consequently, there exists k such that π
2
2
is equal to σk1 on the support of σ1. Since π2 is not an m-cycle, k must be even.
We conclude that π22 is a power of π
2
1 on the support of any m/4-cycle of π
2
1 , and
similarly that π2i is a power of π
2
j on the support of any m/4-cycle of πj, for all
i, j ∈ {1, 2, 3}. Hence, there exist disjoint cycles c1, . . . , cu and integers aij such
that πi|supp(cj) = c
aij
j , and any m/4-cycle of any πi is supported on supp(cj) for
some j. From here, it follows that f˜(π3) = f˜(π1) + f˜(π2). We conclude, using
lemma 2.6, that dimF2 Ân[2] ≥ dimF2 V =
( n
m/4
) (m/4−1)!
(m/4−m/8) ≥ n ≥ val2(|An|).

5. Unitriangular Groups
For groups of upper unitriangular matrices (i.e unipotent upper triangular matrices), we
will construct semicharacters by a discrete version of the log function.
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Definition 5.1. For all n and prime p, let wn,p be the polynomial
wn,p(x) =
n−1∑
i=1
(−1)i+1
pe
i
xi ∈ Z(p)[x]
where e is the number satisfying pe ≤ n− 1 < pe+1.
Note that modulo p, wn,p(x) ≡
∑
ipe<n(−1)
i+1 xip
e
i .
Lemma 5.2. Let p be prime, and let A be a nilpotent Fp-algebra of nilpotence degree n.
(1) If x, y ∈ A commute then
wn,p(x+ y + xy) = wn,p(x) +wn,p(y).
(2) If p ≥ n then wn,p defines a bijection from A to itself.
Proof.
(1) We have the formal identity over Q,∑
i≥1
(−1)i+1
(x+ y + xy)i
i
= log((1 + x)(1 + y)) = log(1 + x) + log(1 + y)
=
∑
i≥1
(−1)i+1
(
xi
i
+
yi
i
)
We multiply it by pe, and take the resulting identity modulo monomials of degree
≥ n. If I is the ideal in Q[x, y] generated by these monomials, we get an identity
in Q[x, y]/I,
wn,p(xy + x+ y) = wn,p(x) +wn,p(y).
Since all the coefficients are in Z(p), and A is an Fp-algebra, the identity holds for
any two commuting elements in A.
(2) Since p ≥ n, we have e = 0. let u(x) =
∑n−1
i=1
xi
i! . By the formal identity exp(log(1+
x))− 1 = x, we get, by the same argument, that u(w(x)) = x for all x ∈ A.

Theorem 5.3. Let F be a finite field, let n ≤ char(F), and let G = U(n,F) be the group
of upper triangular unipotent matrices. Then, conjecture 1.1 holds for G.
Proof. Let N be the additive group of nilpotent upper triangular matrices in Mn(F). We
define the map log : G → N by log(A) = wn,p(A − I) ,where p is the characteristic of F.
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By lemma 5.2, log is a bijection, and if A,B commute then log(AB) = log(A) + log(B).
Thus, the map N̂ → Ĝ given by φ 7→ φ ◦ log is a monomorphism, hence |Ĝ| is divisible by
|N | = |G|. 
6. General Linear Groups
In this section, we consider the case of G = GL(n, q) where q is a power of a prime p. In
the case n = 2, we will prove that conjecture 1.1 holds for G. As in previous cases, the
proof is carried out locally at each prime divisor l of |G|. Naturally, the cases l = p and
l 6= p are completely different from one another. At l = p our proof is valid for all n.
6.1. Sylow subgroups of GL(n, q). Let us first review the Sylow subgroups of GL(n, q).
These have been completely described in the literature (see [4], [2], [1]). We will follow
the approach of [1] which is most suited to our needs. Due to a few misprints in [1], we
reproduce the results here.
Lemma 6.1. Assume that l|q − 1, and let L be an l-Sylow subgroup of G.
(1) If l > 2 or q ≡ 1 mod 4 then L ∼= H1 ≀ H2 where H1 = F∗q[l
∞] (i.e. the unique
l-Sylow subgroup of F ∗q ) and H2 is an l-Sylow subgroup of Sn. In particular, L may
be embedded in the subgroup of G of monomial matrices (that is, matrices that have
exactly one nonzero entry in each row).
(2) If l = 2 and q ≡ 3 mod 4, let H be the subgroup of EndFq(Fq2) generated by the
elements of F∗q2[2
∞] (acting by multiplication in Fq2), and the Frobenius automor-
phism x 7→ xq of Fq2. By choosing a basis for Fq2/Fq, we view H as a subgroup of
GL2(Fq). Then,
(a) If n is even then L ∼= H ≀ H2 where H2 is a 2-Sylow subgroup of Sn/2. In
particular, L may be embedded in the subgroup of G of 2 × 2-block matrices,
that are monomial with respect to these blocks, and such that each block is in
H.
(b) If n is odd then L ∼= {±1}×L′ where L′ is an l-Sylow subgroup of GLn−1(Fq).
Proof.
(1) By [1, lemma 2.3 (i)], we have1
vall(|G|) = n · vall(q − 1) + vall(n!).
1Note that the formula in [1] should read |GL(n, q)|r = (q
d − 1)
[ n
d
]
r ([
n
d
])! and not as stated.
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Hence, |H1 ≀ H2| = l
vall(|G|). Since H1 ≀ H2 may be embedded in G as a group of
monomial matrices, L ∼= H1 ≀H2.
(2) Let us first assume that n = 2. We have val2(|G|) = val2((q
2 − 1)(q − 1)) =
val2(|F
∗
q2 |) + 1. On the other hand, since H
∼= F∗q2 [2
∞] ⋊ Gal(Fq2/Fq), we have
val2(|H|) = val2(|F
∗
q2 |) + 1, hence L
∼= H. More generally, if n is even, then by [1,
lemma 2.3 (ii)], val2(|G|) = (n/2)(val2(|F
∗
q2 |)+1)+ val2((n/2)!) = val2(H ≀H2), so
that L ∼= H ≀H2. If n is odd, then val2|GL(n, q)| = val2(q
n−1)+val2(GL(n−1, q)) =
1 + val2(GL(n − 1, q)). Thus the group
{(
±1 0
0 g
)
| g ∈ L′
}
∼= {±1} × L′ is a
2-Sylow subgroup of G.

Lemma 6.2. If l > 2, l 6= p and d = min{i : l|qi − 1}, then an l-Sylow subgroup of G is
isomorphic to an l-Sylow subgroup of GL(
⌊n
d
⌋
, qd).
This is proved in [1, remark 2.5].2
Note that GL(
⌊
n
d
⌋
, qd) may be embedded in GL(d
⌊
n
d
⌋
, q) via restriction of scalars, and
GL(d
⌊n
d
⌋
, q) may be embedded in GL(n, q) by g 7→
(
g 0
0 Im×m
)
where m = n − d
⌊n
d
⌋
.
Finally,
Lemma 6.3. A p-Sylow subgroup of GL(n, q) is isomorphic to the subgroup of unitriangular
matrices U(n, q).
Proof. We have |U(n, q)| = q1+2+..+(n−1) which is the largest power of p dividing the order
of GL(n, q). 
6.2. The case l 6= p. We let G = GL(2, q). We have |G| = (q2 − 1)(q2 − q). We will now
prove that vall(|Ĝ|) ≥ vall(G) for all prime divisors l of |G| other than p.
Lemma 6.4. Let k > 2 be a divisor of q + 1. Then G has exactly q(q−1)2 cyclic subgroups
of order k.
2Note that remark 2.5 cited above is only valid if restricted to l > 2 or q ≡ 1 mod 4. Otherwise, the
claim that if l|q − 1 then an l-Sylow subgroup of GL(n, q) may be embedded in the subgroup of monomial
matrices may not be valid. For example, in GL(2, 3) there are only 8 monomial matrices while the 2-Sylow
subgroups are of order 16.
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Proof. Let α ∈ Fq2 be a primitive k-th root of unity. Note that α /∈ Fq. Let m(t) =
t2 − At + B ∈ Fq[t] be the minimal polynomial of α. We have m|tk − 1 and m ∤ tk
′
− 1
for 1 ≤ k′ < k. For any matrix g ∈ G, if tr(g) = A and det(g) = B then m(g) = 0, hence
gk = 1. Also, g is not scalar (otherwise, there would exist a root of m in Fq), so gk
′
6= 1
for 1 ≤ k′ < k (otherwise, g would be a root of gcd(tk
′
− 1,m) = 1). We conclude that
ord(g) = k. Let us count the matrices g that satisfy the above conditions: There are q
pairs of elements of a, d ∈ Fq that sum to A. For any such pair, we have ad 6= B (otherwise,
a and d would be roots of m). Hence there are (q − 1) pairs (b, c) such that ad− bc = B.
We conclude that there are q(q − 1) matrices in G whose characteristic polynomial is m,
and they all have order k. On the other hand, if g ∈ G is a matrix of order k, let m be the
characteristic polynomial of g. Since g is not scalar, m is also the minimal polynomial of
g. We have m|xk − 1, and m ∤ xk
′
− 1 for 1 ≤ k′ < k. Hence, the roots of m are primitive
k-th roots of unity. We conclude that m has two distinct roots α1, α2 ∈ Fq2 \ Fq, and m
is their minimal polynomial. We have established a q(q − 1) : 1 correspondence between
elements of g of order k and unordered pairs {α1, α2} of Gal(Fq2/Fq)-conjugate primitive
k-th roots of unity in Fq2 . Therefore, there are
q(q−1)
2 ϕ(k) elements of order k in G, and
correspondingly, q(q−1)2 cyclic subgroups of order k. 
Lemma 6.5. Let l 6= 2 be a divisor of q − 1, then vall(|Ĝ|) ≥ vall(|G|).
Proof. Since an l-Sylow subgroup of S2 is trivial, by lemma 6.1 the group of diagonal
matrices whose diagonal entries are in F∗q[l
∞] is an l-Sylow subgroup of G. Let A be
the set of 1-dimensional subspaces of F2q, and let B =
(A
2
)
, so that |B| = q(q+1)2 . For
any {V1, V2} ∈ B, let DV1,V2 be the group of matrices in G which have V1 and V2 as
invariant subspaces, with eigenvalues in F∗q[l
∞]. These groups are the l-Sylow subgroups
of G. Let C be the set of functions which are defined on B and assign to any {V1, V2}
in B an element of hom(DV1,V2,C
∗) which is trivial on scalar matrices. C is an abelian
group of size lvall(q−1)·
q(q+1)
2 . For any φ ∈ C let us construct an element Tφ ∈ Ĝ[l∞]:
Given g ∈ G[l∞], g is in some l-Sylow subgroup, hence g ∈ DV1,V2 for some {V1, V2} ∈ B
(note that unless g is scalar, the set {V1, V2} is uniquely determined by g). We define
Tφ(g) = φ({V1, V2})(g). If g1, g2 ∈ G[l
∞] commute, then either one of them is scalar, or
they have the same eigenvectors. In both cases, we have Tφ(g1g2) = Tφ(g1)Tφ(g2). Hence,
Tφ ∈ Ĝ[l∞]. Using lemma 2.6 we get a monomorphism from C to Ĝ[l
∞]. We conclude that
vall(|Ĝ|) ≥ vall(q − 1) ·
q(q+1)
2 ≥ 2vall(q − 1) = vall(|G|). 
Lemma 6.6. Let l 6= 2 be a divisor of q + 1, then vall(|Ĝ|) ≥ vall(|G|).
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Proof. Let r = vall(q + 1) = vall(q
2 − 1). By lemma 6.2, the l-Sylow subgroups of G
are isomorphic to F∗q2[l
∞]. Hence they are cyclic of order lr. By lemma 6.4 there are
q(q−1)
2 distinct l-Sylow subgroups in G. By lemma 3.1, vall|Ĝ| ≥
q(q−1)
2 ≥ r = vall(|G|)
(the inequality q(q−1)2 ≥ r can be verified directly for q = 2, and for q > 2 we have
q(q−1)
2 ≥ q ≥ r). 
Lemma 6.7. If p 6= 2 then val2(|Ĝ|) ≥ val2(|G|).
Proof. Let us distinguish two cases:
• If q ≡ 1 mod 4 then let r = vall(q − 1). By lemma 6.1, the subgroup L ≤ G of
monomial matrices whose nonzero entries are in F∗q[2
∞] is a 2-Sylow subgroup of
G. Note that for g ∈ L, g2 is diagonal. Moreover, if g itself is diagonal, then the
entries of g2 are squares of elements in F∗q[2
∞]. Otherwise, g2 is a scalar matrix.
Let S = {x2|x ∈ F∗q[2
∞]} (a cyclic group of size 2r−1), and let I2 = {cI|c ∈ F∗q[2
∞]}.
For any g ∈ G[2∞], g2 is either in I2 or diagonalizable with eigenvalues in S. Using
the same method as in lemma 6.5, we shall construct elements of Ĝ[2∞]: Let A and
B be as in the proof of lemma 6.5. For any {V1, V2} ∈ B, let DV1,V2 be the group
of matrices in G which preserve V1 and V2, with eigenvalues in S. Let C be the
set of functions which are defined on B and assign to any {V1, V2} ∈ B an element
of hom(DV1,V2 ,C
∗) which is trivial on scalar matrices. C is an abelian group of
size 2(r−1)·
q(q+1)
2 . For any φ ∈ C, let us construct an element Tφ ∈ Ĝ[2∞]: Given
g ∈ G[2∞], g2 is diagonalizable. If g2 is scalar, we define Tφ(g) = 1. Otherwise,
let {V1, V2} ∈ B be such that g
2 ∈ DV1,V2 . We define Tφ(g) = φ({V1, V2})(g
2). If
g, h ∈ G[2∞] commute then g2 and h2 commute as well. There is a conjugate of L
that contains both g and h (and consequently gh), hence there is {V1, V2} ∈ B such
that g2, h2, g2h2 ∈ DV1,V2 ∪ I2. Since DV1,V2 and I2 are groups, either g
2, h2, g2h2 ∈
DV1,V2 or g
2, h2, g2h2 ∈ I2. In both cases we have Tφ(gh) = Tφ(g)Tφ(h). Therefore,
Tφ ∈ Ĝ[2∞]. Using lemma 2.6 we get a monomorphism from C to Ĝ[2
∞]. We
conclude that val2(|Ĝ|) ≥ (r − 1) ·
q(q+1)
2 . By the assumption on q, we have q ≥ 5.
Since r ≥ 2, we have val2(|Ĝ|) ≥ 15(r − 1) ≥ 2r + 1 = val2(|G|).
• If q ≡ 3 mod 4 then let r = val2(q
2 − 1). By lemma 6.1, the 2-Sylow subgroups
of G are isomorphic to F∗q2 [2
∞] ⋊ Gal(Fq2/Fq), thus are dihedral groups of order
2r+1. Our proof will be a variation on the proof of lemma 6.6. Let L1, . . . , LN
be the 2-Sylow subgroups of G. For each i, there is a unique cyclic subgroup
Ci ≤ Li of order 2
r. Given N homomorphisms φi : Ci → F
+
2 (1 ≤ i ≤ N
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have for any 1 ≤ i < j ≤ N , that both φi and φj are identically 0 on Ci ∩ Cj .
Hence, the N -tuple (φ1, . . . , φN ) glues to a function from ∪iCi to F
+
2 . Let us
extend this function to a function φ : G[2∞] → F+2 by defining φ(g) = 0 for
g /∈ ∪Ci. We claim that φ ∈ Ĝ[2∞]. Indeed, if g, h ∈ G[2
∞] commute, they
must lie in the same Sylow subgroup Li. If both g and h are not of order 2
r,
then so is gh and we have φ(gh) = 0 = φ(g) + φ(h). Otherwise, we may assume
without loss of generality that g is of order 2r. Then g generates Ci, hence h ∈ Ci
(otherwise Li would be abelian), hence φ(gh) = φ(g) + φ(h). Using lemma 2.6
we get a monomorphism from
∏
hom(Ci,F
+
2 ) to Ĝ[2
∞]. We conclude that |Ĝ|
is divisible by 2N . Finally, N is bounded from below by the number of cyclic
subgroups of G of size 2r. By lemma 6.4, we have N ≥ q(q−1)2 . On the other
hand, val2|G| = val2(q + 1) + 2 ≤ q + 2. For q = 3 the claim can be verified
directly (see section 7). If q > 3 then by the assumption on q, q ≥ 7, and we have
val2(|Ĝ|) ≥ N ≥
q(q−1)
2 ≥ 3q ≥ q + 2 ≥ val2(|G|).

6.3. The case l = p.
Lemma 6.8. valp(|Ĝ|) ≥ 2valp(|G|).
Proof. Let N be the algebra of upper triangular nilpotent n by n matrices, and let U =
I + N be the unipotent group. By lemma 6.3, U is a p-Sylow subgroup of G. We define
a function F : G[p∞] → M(n, q) by F (g) = wn,p(g − 1), where the polynomial wn,p was
defined before lemma 5.2. Note that F (hgh−1) = hF (g)h−1. If x, y ∈ G[p∞] commute,
then they lie in a common Sylow subgroup, hence we may assume that they lie in U . Let
a = x− I, b = y − I, then a, b ∈ N . By lemma 5.2,
F (xy) = F ((I + a)(I + b)) = wn,p(ab+ a+ b) = wn,p(a)+wn,p(b) = F (I + a)+F (I + b)) =
F (x) + F (y).
We will denote by F (g)ij the (i, j) entry of F (g). Given any n
2 − n linear functionals
(φij ∈ hom(Fq,Fp))1≤i6=j≤n, the function T(φij) : G[p
∞] → F+p defined by T(φij)(g) =∑
i6=j φij(F (g)ij) is in Ĝ[p
∞][p], and by lemma 2.6 extends to an element of Ĝ[p]. Let us see
that in this way, we get a subspace of Ĝ[p] of dimension dim(Fq/Fp)(n
2 −n) = 2valp(|G|):
Indeed, any matrix of the form aEij (where Eij is the elementary matrix with only one
nonzero entry 1 at (i, j)) for i 6= j is in the image of F , because if d is the least degree in
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the polynomial wn,pmodp, and M is the nilpotent matrix
0 a
0 1 0
. . .
. . .
0 1
0 0
0
. . .
. . .
0 0
0

with d− 1 1′s, then wn,p(M) = M
d has only one nonzero entry equal to a, and by conju-
gating with a permutation matrix we get a matrix A satisfying F (I+A) = wn,p(A) = aEij .
Hence, if T(φij) ≡ 0 then φij = 0 for all i 6= j. 
We conclude:
Theorem 6.9. For all q, conjecture 1.1 holds for GL(2, q).
7. Numerical evidence
When a finite group G = {g1, . . . , gn} is given via its multiplication table, the group Ĝ can
be calculated effectively in the following way: Let e1, . . . , en be the standard basis of Zn.
For each pair of commuting elements gi, gj we form the element x(i, j) = ei+ej−ek, where
gigj = gk. Then Ĝ ∼= Z
n/ < x(i, j)|gigj = gjgi >. Thus |Ĝ| (and also the isomorphism
type of Ĝ) can be calculated in polynomial time in |G|.
We have applied this algorithm to the list of isomorphism types of groups of order ≤
255, using the computer algebra system GAP and the SmallGroups library (there are 7012
isomorphism types of groups of order ≤ 255). It turns out that conjecture 1.1 holds for all
these groups. Since there are 56092 non-isomorphic groups of order 256, our computation
power was not sufficient to check the conjecture for all groups of that size.
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